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The two-dimensional stationary diffraction problem is considered, A fluid medium fills
the lower half-plane in which acoustic effects are generated by a point type source loca-
ted at a certain depth, The surface of the fluid is covered by two abutting semi-infinite
plates, Mechanical properties of the two plates are assumed to be different, An exact
mathematical solution of the problem is constructed for the case in which conditions at
the plates abuttment are not fixed. This solution (which we shall call "general™) con-
tains a certain number of arbitrary constants, The method for determination of these
constants for specified conditions at the joint is indicated, A characteristic of the latter
problem is that formal application of the boundary contact operators to the general solu-
tion generates divergent integrals of expressions which increase algebraically at infinity,

The analysis is carried out in certain abstract terms . The expressions of boundary, and
boundary contact operators are not specified, hence these results are valid for the various
methods used in plate theory approximations, The derived solutions may also be used for
other boundary conditions (e, g, when one part of the fluid surface is left free, or covered
by a membrane),

1, Formulation of problem, A compressible fluid fills the lower half-plane
(— 00 <z <<+ 00, 0 <y <<=+ 00). Two semi-infinite plates lie on the surface
of the fluid (y = 0) extending respectively in the positive and negative directions of
the x -axis (Fig. 1). The field generated in the described system by a point source of har-
monic oscillations (at point Z,, ¥,) is to be defined, Factor ¢ ! defining the depend-
ence of processes on time will be everywhere omitted,

We shall describe the acoustic processes in the fluid in terms of pressure P(z, y)-

The problem as stated consists of finding a solution of the inhomogeneous Helmholtz'

SHANMAP L BP =8 (x—T0, Y—Yo) (—ox <o <lAo0, 0<y<+o0) (1.1)
with boundary conditions
LiP =0 (@@>0), LP =0 (<0) (1.2)
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Here

9\ 9 o ‘
L.P = [mal(“‘gx“g)gl; + My, (*Wﬂp(-fw 0 @x=172 (1.3)
Operators m,, and m, are polynomials of argument — 02-/9z2.

Coefficients of these polynomials are expressed by the mechanical parameters of the
problem, and generally speaking, depend mainly on the wave number k. It is assumed
that the character of this dependence is subject to limitations given below [1],

Algebraic functions l«(A) do not have real roots on the Riemann surface basic sheet
of the complex variable A for Rek > 0, Imk > 0

Li(\) = — VA2 —FPmay (A2) + may (M) (1.4)

Selection of the basic sheet for ]/ A% — k2 is made here and in the following in the
manner that follows, From point A = k& a branch cut is directed upwards (dotted line

on Fig,2), The contour of this cut must

not pass through the roots of [y(A), and InM

() (1) Doy

2 .

—_ = = — -
/ \
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\ / —Ald,?
- = < -
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¥ —_ — —_
Fig, 1 Fig.2
is otherwise arbitrary, Branch cut through point A = — k'is made downwards maintain-

ing the drawing central symmetry with respect to the coordinate origin, It is assumed
that on the basic sheet lim Re is

]/7»2—— 2= + oo for A—> -4 oo
On the complimentary sheet we have correspondingly
limRe YA —k?=— o0 for A—>+ oo

A number of examples of specific values of operators L, is given in [1], We shall men-
tion only one of these pertaining to the most commonly used, viz,
) o .
Laz(%—%ﬂ%Jr"D—“; (1 =1,2) (1.5)
Here [ is the plate surface density, D, the plate cylindrical stiffness, and p the fluid
density, Relation (1, 5) corresponds to the case in which the plate lying on fluid surface
is capable of flexural deformations only obeying the Kirchhoff equation, It is assumed

that pressure P (z, y) >0 for V& + y=—>o0 (Imk>0, Rek>0)

is exponential, In this solution the case of real % is considered as the transition to the
limit Jmk — -+ O (the principle of absorption limit), At the coordinate origin P(z, ¥)
is assumed to be continuous,

A solution satisfying these requirements will be in accordance with [2] called general,
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It will be constructed in Sect,2. The general solution contains' (number x is defined
in Sect, 2) arbitrary constants, This violation of the requirement of uniqueness is due to
the so far undefined state at the coordinate origin, We shall specify this state by 7 sup-
plementary boundary contact requirements

Rlﬁp + RQBP =0 (B =1, 2* RIS} n) (1-6)

RypP = hm [S;gi (—- i »«»} 3}.,82( %)}P (z, 0)

- i - ) el 07

Operators Sgg; and Sug, are polynomials of argument — id / dx. In the following
(Sect,4) a certain limitation will be imposed on the algebraic properties of functions

rag (M) = — V AT —TPsag; (A) F Sap (M) (1.8y
We shall adduce examples of boundary contact conditions when Ly, is defined by rela«
tion (1, 5). (Here n == 4.)
A. An infinitely narrow fissure exists between the two plates [3]

. Pz, 0} s Pz, 0}
g 0 m g =0 (1.9)
B, The plates are soldered together {4]
.. OP(z, 0) . P (z, 0) o 02P (z, () = lim 92P (z, 0) (1.10)
lim —21— = lim ——— lim —=>— — .
x—e-t-0 a0 O T ape 0%y ¥-—0  Jady (.11}
. 3Pz, 0} 3P (z, 0) . #Px, 0) 8P {x, 0)
g‘ﬁﬁ 9ty =D xz»—& ozidy Bixi—»%»e oz%y = Deli I»»—»x) 0258y

C, The soldered joint of plates is reinforced by a stiffening rib {53, In this case rela-
tions (1. 10) are fulfilled, while the more complicated expressions

D, Iim M""Dz lim 22620 + ioZxy Him PLE0 g

Kot 5-3;2§y o 1] 83;28? X-s B §$‘§y
. 043P {z, () . APz, Y apP 8P (=, 0}
Dy lim sy — D lim —y— +ioZglim == =0 (1.12)

are substituted for (1, 11),
Expressions for impedence £, and ZQ are given in [5}.

2, Derivation of the general solution, We shall derive a solution satis-
fying all conditions of the problem, with the exception of the boundary contact condition,
We write the expression for field P in the form of the sum of three terms

P = Py P* + P* 2.1y
Here P, represents the point source field of an infinite fluid medium
e
e L pir—e VI (gt
PO iy pitix 2 2} V?&,g = {2.2)
—20

Functions P,*(zx, y) and F,*(z,y) are to be determined, We shall assume that they
individually satisfy the homogeneous Helmholtz" equation, and also the conditions of
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continuity at the coordinate origin and of attenuation at infinity, We shall have these
functions subject to boundary conditions as follows:

Liy(P*, +Py) =0 (z>0) LyPy* = (z << 0) (2.3)
LyPy* =0 (z>0) Ly(Py* +Py) =0 (@<ty (2.4)

It is obvious that with this all of the problem conditions will be fulfilled for the result-
ant field P,

We shall first determine P, *. We shall look for P;* in the form of series expansion
in the plane waves { w o

Pi* = | P () et VIFudh (2.5)
-0

Pl' will then automatically satisfy the homogeneous Heimholtz® equation, and has the
required behavior when V 22 -4 y% — oo with the appropriate p;(A) and the above-
mentioned (Sect, 1) selection of the branch radical 1/ 32 — k2.

We shall require p;(A) to satisfy for A — -+ oo the following estimate

P1(A) = o (1/h+e) (0<e <) (2.6)
Condition (2, 6) is sufficient for assuring the continuity of P: {x, y) at the coordinate
origin,
Using boundary condition (2, 3) and carrying formally out the differentiation under
the integral sign, we derive the following integral equations:

% L (A , —
S [h (M) pr (M) — -——V—i—‘-—L—_.__% g i VIk ”“} eMdh =0 (z>0) 2.7
\ bp@mear <o (2.8)
—&0
Here _
Lo () = VR —KPma, (A?) + ma, (M) (2.9)

Values of I, (A) of the basic sheet of the Riemann surface coincide with those of
1, (A) on the second sheet,

Integrals in the left sides of equalities (2, 7) and (2, 9) will be generally divergent
because the algebraic factors [,(A) may as the result of differentiation cause an increase
of the integrand absolute value at infinity, An interpretation of similar divergent inte-
grals is given in 2],

Equations (2.7) and (2, 8) are identically satisfied when the following relationships are
fulfilled < {3

B 0) () — S
Iy (M) pL(A) = @ (A)
in which functions @ (D7 ) are analytical functions in the upper (lower) half-plane
of the complex variable A, Their rate of growth in the two specified planes is assumed
to be not greater than exponential,

Eliminating p,(A), we obtain the Riemann inhomogeneous boundary value problem
[6). The problem consists of finding two functions @] and @7 analytical in upper and
lower half-planes respectively from the linear relationship

1° (A)

M q.- i oy
iy © ()= O ) = e Y @.11)

o= ihxe- VI Toyy o Ot (A) (2.10)
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between the two fulfilled along the real axis, 7
We denote by n . the highest order derivative appearing in L, . We shall then have for
l(A) at infinity the following estimate:
la(A) = O (A™) (1A]— o) (2.12)

We shall represent [,(A) in the form of a product of two factors [ (A) analytical in
the upper and lower half-planes, respectively,

la(d) =t (M) I (4) (2.13)
We shall assume that the following estimate
laﬁ: (;“) — O(A,”znm) ( ‘ by [ C\*) (2.14)

holds for ij(?&) .
The factorization method will be given in Sect, 3,
With the use of (2, 13) we may rewrite {2, 11) in the form

=\ - It (A) - LYMNL°(A) o VI
ey O Mgy O () = oo e e VR (945

We introduce the piecewise-analytical function ¥, (A)
o0

. - i y LY (1) :° (1) —itxg— YV T—E —i{u—
Iﬁk}_m 5 11+{T} }/",{2’__}528 B2y, T— A {2.iﬁ)

Its values in the upper and lower half-planes will be denoted by ¥ and (¥7 ).
According to the formulas of Sokhotski the jump
) LYWL o
YA — ¥ (A) = e L 20 otk VR e Tmh =0 247
) =Y () = (mh=0)  (247)
occurs at transition through the real axis,
With (2, 17) taken into account relation (2, 15) may be presented in the form
L (A - - Lt (A
RO MW= EH oM+ M) ma=0  (218)

According to the theorem of analytical continuation through the contour, the ieft and
and right parts of equality (2. 18) define a certain unique function F,(A) which is ana-
Iytical throughout the complex plane A. Because of its estimated exponential rate of
increase at infinity this function will be a polynomial the power of which we denote by
n—1

Fy () = gus (0) (2.19)

The following expression of

n==n, +?33 — E (i'fg(nx -+ Tty 3} {22@)
is readily obtained from (2, 6),(2.12) and (2, 13).

Symbol E(E)denotes the whole part of number §, The coefficients of polynolial ¢t (1)
are arbitrary, Their number must coincide with the number of linearly independent bound«
ary contact conditions,

As an illustration we adduce examples of determination of the number of boundary
contact conditions from the order of boundary operators differentials,

1) Two plates lie on the surface of the fluid (flexural oscillations only are taken into
consideration ; Z;and Lz are defined by Formula (1, 5))

=35, na=2>5, n=4

2) The fluid surface is free (L. = 1) on one side of the coordinate origin, and covered
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by a plate on the other
nlr':si ﬂ2:{}’ =2

3} A rigid boundary abuts on the plate (L2 == ¢/ dy)
=295 n=1, n=2
We revert to the solution of the problem, Taking into consideration (2, 5), (2. 10) and
(2. 19) we derive the following expression for P *(¥, y):

X L -
4 g (M—Y" () irx— VIE_F
P =g § S o 220

Function ¥;(A) is defined by Formula (2, 16), and it is assumed that the intégration
contour passes above pole 17 == A,
The problem is solved in a similar manner for P,*(x,y)

PN )] 4
" 1 Inoy (M) + ¥ (R) e
Po= gz § B nmgy e VTR (2.22)
G IALS 0
1 I (1) 4.0 (1 itae— ¥V ki, T 3
o) =355 S O Ve—p. x° =T (2.23)
—r}

When deriving W¥}(A) in(2.23)the pole T = } is bypassed from below, Combining
the solution of these two problems we obtain the following final expression of P:

P=Py+ P+ P+ Q (2.24)
Here oo )

1 ¢ 1A ix— ¥ Ky .

PF*"@ES, Fmr ek (2.25)
O S I

Pa= gz § mancpy e VT (2.26)
1 U 0 ®) o v X

Q--,;;;SR s e VI Fug), (2.27

The reflection diffracted fields P, and P2 satisfy the boundary conditions (2, 3) and
{2.4) and have at the coordinate origin continuous derivatives up to the (n- 1)th order,

The diffracted field @ satisfies the homogeneous boundary conditions

L@ =0 (@>0n L0 =0 (z2<0) (2.28)

and carries in it discontinuities of derivatives of the total field 2 at the coordinate ori-
gin, We note that the form of expression of () (2.27) is independent of the character of
the incident field P,. The same expression of ) may, incidentally, be derived e, g, with
the construction of the plane wave diffraction problem [2],

8, Factorization of I, (1). We shall assume that the power of polynomial
maqy (A*) which shall be denoted by v, is not smaller than that of polynomial my, (A2).
Thus term Vﬁ_j}fz mg, (A?) defines the behavior of I, (A) at infinity, and we have the
following equality: Ny = vy + 1 (3.1)

The case of the even number r, could be considered in 2 manner similar to that given
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in the following, Our selection is related tothat the situation defined by (3, 1) is more

realistic, If one disregards the case of the free surface (Le == 1, na = 0) in which fac-
torization is trivial (t (A) = 1), then in the usually applicable boundary conditions the
order of the differential operators L, proves to be an odd number,

Function !, (A) has on the two-sheet Riemann surface 4v, - 2 roots differing pairwise
as to their signs, We denote these roots by + Ay, (¥ =1, 2,..., 2v, -+ 1) with the plus
sign assigned to roots in the upper half-plane, Let us assume that there are N, pairs of
roots !, (A) on the basic sheet which we shall number from 1 to N,.

without loss of generality it may be assumed that the coefficient at the highest power
of A in my; (A%) is equal to unity. We introduce functions g, (A) related to Iy (») by
the expression

Ny
g1
Ine L) =—0,M2—k) 3 V] 2 —2,) (3.2
y=1

Functions ¢, (A) have no roots on the Riemann surface
basic sheet, and tend to unity when |A| — > . Hence on
this sheet Ing, (A) can be uniquely defined on the basis
of the requirement

limIngp, (A) =0 (3.3)
[A[|—>c0
We represent Ing,, (A) by the Cauchy integral
1 ¢ lng, (1)
Ing, (A) = E[TS w3 (3.4)
c

Fig, 3 .
'8 Here C is an arbitrary contour on the day sheet of

plane = circumscribing point ¢ = A in the positive direction (Fig. 3), By stretching this
contour we can obtain the following expression; n Ing, (1)
o, (1) = 0," () 9~ ), In (pai ()= 5 S - dt (3.9)
r=

Here 'y = I'y’ -+ T',” are the contours enveloping the upper and lower branch cuts
respectively in the 1 -plane, By virtue of (3, 3) the integrals (3, 5) are convergent, For
the same reason the integrals taken along arcs connecting contours T’ and T_ vanish at
the limit,

Functions ¢, and ¢, are analytical outside the contours along which they are defined
by these integrals. Function ¢} (A)is analytical outside the branch cut extending down-
wards from point A= — k , and in particular in the upper half-plane, Similarly @_(})
is analytical outside the contour I'_.. At infinity all these tend to unity,

Integrals along contours I' . may be reduced to integrals along one of the edges of the
branch cut B 1, (7)

1 d
In ‘Pmi A)= S S in [— Z—Q—(I;)‘J r_—f—k— (3.6)
Pi’ a

Here T denotes the left-hand edge of the branch cut drawn from point T = —F, and
I'_’ the right-hand edge of the branch cut at v = k. Both contours are traversed from
points ©= + k¥ towards infinity, Opposite edges of branch cuts are denoted by symbol
l";,_. The branch of the integrand logarithm in (3, 6) is selected so as to have

, Lo (7) ,
lim In ) =0 (rerly) 3.7
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Factorization of coefficients of @4 (A) in(3,2) is achieved in an elementary way, As

the result we have I (1) dr
=N i —_—
+ ()= (A £ R)*Ne H (A Aqy) exp {zm § In [— I° (T)] T _;»} 3-8)
Functions 1,° (A} can be factonzed in the same manner
L, ="M M (3.9)
?Va-{-l !
o Npy—vy—1/a ‘1 [ 3 (T) d'l'
LEM=0E " ][ Ehy exp{ S S In [— 7{"'{7)‘} r-—k}
Y=Ng+1 iy (3.10)

We write down some of the relationships useful in the various transformations of the
solution obtained.in Sect,2
2vgt+1
la M 10 () =— H (2 — }“ay2)’ ]&T (—A) = o (V- 1'2) 1.~ (A
y=1
. | (3.11)
EMLEM =4 [ a4, 1 (=)= e LT ()
v=1
The first of these is obtained in an elementary way, while the remaining three follow
from Formulas (3, 8) and (3. 10},
By virtue of the Sokhotski's formulas it is also possible to obtain for the Cauchy type
integrals in (3, 8) and (3, 10) the bypass relationsips for functions Z (A} and z; M

1, (%)

L W heryr =77y & 0 L7 0) hapr =20 1y G2

l ° (}") * ])‘61‘:}:’

4, Boundary contact conditions, The direct application to field P of the
boundary contact operators R,g results in the known difficulty in that it generally pro-
duces divergent integrals of expressions which increase algebraically at infinity, It will
be shown in the following how to express R,gP in terms of integrals convergent in the
conventional sense, This will necessitate the introduction of certain limiting assumption
as regards operators R, s

We separate from P the incident wave P, and wave P, reflected from the right-hand
plate, and readily obtain the expressions

AT

P=Py+ Py + @ (4.1)
foce]

. . 1 4 (A) AKX 2y ) Vg2 {(+15)

Poy = 4—3_[ g ‘/m I (}\,) e dr (11.2)
1 7. (M) ihae— VTR
0=z \ i Moy ¢ dr (4.3)
Here -

7. A} =q, (M) — T A+ (W) (4.4)

represents a function which is analytical in the upper half-plane,

The direct application of R,g to Pyand Py, does not represent any difficulty, as the
transition to limit y = 0, z — - 0 there remains in the integrand the exponential fac-
tor exp (——V?@ — k?y,) which ensures convergence of the integral,

We now turn to RypQ;. We have
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1 °S° P (M) g, ()

RIBQ1 =In M=oy BIO) etk gy (4.5)
)
The following notation is used here
o o)
l S PAX g +ioA 7
xfi]o f (M) e d, S f (A) e£i0 (4.6)
—_C0 -—00

We shall distort (stretch) the integration contour into the upper half-plane until it
reaches position T'. With this the integrand poles 1ying in the roots of 4~ (A) will be

crossed : ra{M e, (A) M A .
R = R MI.E.........:“.__ T8 q, { Hol
IBQI 2 Im§>o es LY WG (W) + = 41! S -——————~12+ BISE) di (4.7)

Using the bypass relationships (3. 12) we can substitute the integral along oneof the

edges of the branch cut R0rs 2 Fos sm 7, () .
* Im 20 LM () l1 O]
K S bt () mp W4 (x) — MM |
+ 4n I"..q+ \) 1o () TOAO) e dh (4.8)
Here
reg M) =V R Sapy (M) 5400 (M) (4.9)

for the integral along I'_,
We impose on Rgp the following limitation:

Tag M la® M —rpg®* W, M) =00"%)  (|A]— ) (4.10)

In other words the rate of growth of function |r,5 (A) L (&) — rgp® (M) 1z (M) at infi-
nity is not greater than [l (A)].

This limitation establishes a certain necessary link between the boundary contact
operators Rgp and the corresponding (i.e, pertaining to the same value of a) boundary
operators L,. The need for a relationship linking these operators is from the physical
point of view quite natural, In any specific problem with a given L, there is only a very
limited choice of acceptable values of R,g. Relation (4,10) establishes only the simp-
lest necessary (but not sufficient) limitation on the range of admissible values of R.g.
A direct check will readily show that (4, 10) hold for all examples adduced in Sect, 1,

Expression ryz (A) I (A) — ry8° (A) I, () changes its sign when passing from the left-
hand side edge of branch cut (I'Z) to the right-hand one (T.’). The remammg factors
of the integrand (with (3, 10) taken into consideration) remain unchanged when passing
around point A = &, Hence the integral along I’ in (4, 8) is equal to half the integral
along the complete loop T of the same expression, We revert to the integration along
the real axis, and finally obtain the expression

R, O1= Res 2+ (7») L) Mg M Lo (A)—re (M) ()
) Im§>o * 2" (h) ll(h) 4LH°% (M) -
T o Mnr) reMhe M) —rs )L ()
+37 S 5 (17») : L (A lﬁ(kl} dh (&.1)

In the first term summation extends along roots I; (&) and I,° (A) (see (3, 11)) lying
in the upper half-plane,
By virtue of (4, 10) the integral in (4, 11) is absolutely convergent, hence the transition
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to limit in (4, 11) has been carried out and factor «+i0% omitted,
The transition to limit z — — 0 in R,g P is analyzed in a similar manner, In this
case field P is first converted to the form

P=Py+ Py + Q (4.12)
[s0]
1 ! )\' 2__ 12
Po=7z S T E (4.13)
1 ¢ 9. v o
_.4_3{ S l+(k) I~ (7&) il KU, (4£.14)
- =qpy M) — Y1~ (W) + T2 () (4.15)
It then appears that
R, Qo= — ‘. Res 9= (7\.) L~ (A) Tag W) 12° (A) 4 ryg® (A) L2 (1)
*® Z Ir§<o N0y AIAN)
Lee]
A0 Wi (W) Tas ML) =1y (M) (V)
o _S N L0 () o 419
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